The developability of thin circular cylindrical shells of infinite length leads to the postbuckling modes described by Yoshimura for shells under axial compression. Yamaki et al. calculated and measured experimentally the postbuckling modes of a cylindrical shell of finite length under axial compression. However, they did not calculate the buckling mode of the cylinder. To clarify the entire process of mode changes during buckling and postbuckling, an axial buckling mode is calculated and drawn for the cylinder whose corresponding postbuckling modes have been investigated by Yamaki et al. The axial postbuckling modes of finite length cylinders are shown to be deployable on flat surfaces due to the developability of cylindrical shells.
Introduction
In a recent paper, 1) I discussed the developability of circular cylindrical shells that clarify the buckling and postbuckling mechanics of cylinders under fundamental loads. However, I proposed that the considered axial buckling modes should be similar to the postbuckling modes described by Yoshimura. 2) Instead, here Flügge's buckling differential equations are solved exactly for axially-loaded, thin, isotropic circular cylindrical shells having both ends clamped to calculate the buckling mode; thereby partially modifying my previous results.
1 ) The present calculation is first confirmed with the buckling load and the mode of a cylindrical shell calculated by Yamaki and Kodama, 3) after which an axial buckling mode is calculated and drawn for a cylinder having the same geometrical and material properties of a cylinder whose postbuckling modes have been calculated by Yamaki and Kodama, 4) and measured experimentally by Yamaki, Otomo, and Matsuda. 5) Note, however, that they did not calculate the buckling mode of the cylinder, whereas this calculation clarifies the entire process of mode changes during buckling and postbuckling. This enables us to visualize the axial buckling mode for a cylindrical shell of finite length whose postbuckling characteristics have been previously investigated both experimentally and analytically. It is concluded that:
1) The entire process of changes in the buckling and postbuckling modes are clarified, i.e., the rectangular pattern at the instant of buckling changes into a Yoshimura-like pattern in the postbuckling region. While this phenomenon has been well reported, buckling modes have never been calculated for circular cylindrical shells of finite length whose corresponding postbuckling modes are known. 2) The postbuckling modes calculated and measured by Yamaki et al. 4, 5) for a cylinder of finite length are shown to be deployable on flat surfaces due to the developability of cylindrical shells. Key references related to the present problem are found in the text by Singer et al. 6) 
Buckling Differential Equations and Axial Buckling Modes
Cheng and Ho 7) showed that for anisotropic thin circular cylindrical shells Flügge's buckling differential equations for fundamental loads can be solved exactly under several boundary conditions. The basic differential equations for isotropic shells are:
The Japan Society for Aeronautical and Space Sciences where x and are the axial and circumferential coordinates; a is the radius; and u, v, and w are the axial, circumferential, and outward normal buckling displacement, respectively; k ¼ t 2 =ð12a 2 Þ; q 2 ¼ Pð1 À # 2 Þ=ðEtÞ; and t, P, E, and # are respectively the thickness, applied axial load per unit length, Young's modulus, and Poisson's ratio.
The deflection functions u, v, and w are assumed and are likewise used for the buckling mode under torsion, i.e.,
where n is the circumferential wave number, and ! is a constant to be determined. Yamaki and Kodama 3) solved the same equation for axially compressed isotropic cylinders using different modes, i.e.,
. It is clear that the nodes of the deflection w expressed by Eq. (3) are parallel to the cylinder axis. Substitution of Eq. (2) into Eq. (1) gives the buckling characteristic equation for nontrivial solutions, being an eighth order polynomial with only even power terms of ! for given circumferential wave number n and non-dimensional axial load q 2 . Eight roots are obtained by solving the equations. A root of the polynomial equations with real coefficients is accompanied by a root that is its complex conjugate. The mode in Eq. (2) is more general than in Eq. (3) because Eq. (2) can satisfy the equations for torsional buckling and the buckling equations for anisotropic cylindrical shells (Eq. (12) in Ref. (6)), whereas Eq. (3) cannot satisfy these equations. Note that the characteristic equation for the mode expressed by Eq. (2) is longer than the one expressed by Eq. (3). Since Eq. (1) is a system of homogeneous linear partial differential equations, the principle of superposition gives the following buckling mode for Eq. (2):
The amplitude of the above buckling mode is infinitesimally small. After buckling, terms to express inward displacement are necessary such as the A 00 term in Eq. (32a) of Hoff, Madsen, and Mayers 8) to diminish the circumferential extensional strain.
The patterns of the modes expressed by Eq. (4) are not clear at this stage, although the boundary conditions at both ends of the cylinders are considered here to be fully clamped.
In fact, most experiments have been conducted under fully clamped conditions at both ends.
The clamped conditions are: 
The definitions of the above nomenclatures and the details of the derivations of the equations have been previously reported by Cheng and Ho.
7) Equation (6) is a set of homogeneous equations with eight unknown, reduced deflection amplitudes W's. For nontrivial solutions, the determinant of the coefficients of W's must be zero. The minimum non-dimensional buckling load q 2 can be calculated from the zero determinant condition for the given dimension, material properties, and assumed circumferential wave number. This method of numerically determining the minimum load was found to be rather difficult due to the complex characteristics between the value of the determinant and axial load. Accordingly, the minimum cylinder length that satisfies the zero determinant condition was instead determined for the assumed non-dimensional axial load similar to the method of Cheng and Ho. 7) The festoon curves shown in Figs. 8.10 and 8.11 in Flügge's book, 9) which express the relationships between buckling stress and cylinder length, show why the minimum length is calculated instead of the axial buckling load. The buckling characteristic equations for Eqs. (3) and (4) are different and the corresponding modes also seem to be different from each other. Nevertheless, the buckling load and the mode should be the same because both analyses treat the same physical phenomena for the same type of buckling. A root of the polynomial equations with real coefficients is accompanied by a root that is its complex conjugate, as in Eq. (7), and the corresponding mode amplitude are conjugate with each other as in Eq. (8) because the displacements are real, 10) i.e.,
Therefore w in Eq. (4) can be rewritten as
2W rk fcosð! rk x=aÞ coshð! ik x=aÞ cos n Â À sinð! rk x=aÞ coshð! ik x=aÞ sin ng þ 2W ik fsinð! rk x=aÞ sinhð! ik x=aÞ cos n þ cosð! rk x=aÞ sinhð! ik x=aÞ sin ng Ã ð9Þ
According to Yamaki and Kodama, 3) the buckling modes will be either symmetric or antisymmetric with respect to the central sections of the cylinder (x ¼ 0) when the boundary conditions at both ends (x ¼ AEL=2) are the same. If what they postulate is true, then Eq. (9) can be rewritten for the symmetric case as
f2W rk cosð! rk x=aÞ coshð! ik x=aÞ þ 2W ik sinð! rk x=aÞ sinhð! ik x=aÞg cos n ð10Þ
and for the antisymmetric case as
fÀ2W rk sinð! rk x=aÞ coshð! ik x=aÞ þ 2W ik cosð! rk x=aÞ sinhð! ik x=aÞg sin n ð11Þ
Equations (10) and (11) show that the buckling mode expressed in Eq. (4) has a mode whose nodes are parallel to the axis, which does not look like that of the Yoshimura pattern. An axisymmetric mode is a special case of the above mode obtained by the use of circumferential wave number n ¼ 0. To confirm the present calculations, a buckling mode for clamped boundary conditions is calculated without separating the mode into symmetric and antisymmetric conditions, with the contour lines of the mode shown in Fig. 1 Note that the buckling deflection at ¼ %=18 (Fig. 1 ) coincides with that in Ref. (3) for the antisymmetric mode. Hence, the present numerical calculations are validated for the buckling load and mode. Figure 1 shows that the nodes of the buckling mode are parallel to the cylinder axis and that the axial wave length is not constant along the axis, indicating that the mode is not a chessboard pattern because of the finite length of the cylinder with boundary conditions at both ends.
Axial Buckling Mode and Postbuckling Mode
The postbuckling modes of isotropic circular cylindrical shells with both ends clamped were experimentally investigated by Yamaki, Otomo, and Matsuda. 5) Yamaki and Kodama 4) analytically examined postbuckling behavior of cylinders with the same geometrical and material properties used in previous experiments.
5) However, they did not calculate the buckling modes for the cylindrical shells tested. Their postbuckling analysis was made by applying the Galerkin's method to the Donnell equations for finite deformations. They concluded that excellent agreement was achieved between the experimental and analytical results. It should be noted that most of their analytical and experimental results are also found in a book by Yamaki.
11)
The axial buckling mode is calculated for a cylindrical shell that has been fully examined experimentally 5) and analytically 4) in the postbuckling region. The buckling mode calculated in the following changes into a postbuckling mode calculated by Yamaki and Kodama by snap-through. This allows the entire process of the buckling and postbuckling mode change to be clarified. The cylindrical shell considered by these researchers has the following properties; and
Their analysis gives AE ¼ 0:917 (i.e., q 2 ¼ 0:001247) and n ¼ 18 by considering prebucking deformations, although they did not give the buckling mode. For the prescribed nondimensional buckling load q 2 ¼ 0:001469, the minimum cylinder length L ¼ 71:9 mm is determined here for a symmetric mode and n ¼ 16. The value of q 2 was found by trial and error to bring the calculated length close to the 4, 5) are considered by the present author to be composed of several types of triangles or trapezoids on the cylindrical shells as discussed previously, 1) if the ratio of the thickness to the radius is very small. Because the patterns of the symmetric modes for this cylindrical shell look like the well-known buckling modes under lateral pressure, only the patterns for the asymmetric modes are shown in Fig. 3 . The corresponding flat surfaces tessellated by triangles or trapezoids are shown in Fig. 4 , where the bold and thin lines respectively correspond to outward and inward ridges.
Numerical calculations were performed here using MATLAB. To calculate the roots of polynomial equations, the MATLAB 'roots' function was used, while 'fzero' was used to determine the minimum length satisfying the zero determinant function. Before applying 'fzero', the value of the determinant was plotted against cylinder length, and an interval of the cylinder length where the determinant differs in sign was used. For the calculation of the deflection amplitude W's in Eq. (6) 'null' function was used.
Conclusions
For a circular cylindrical shell whose postbuckling mode was previously experimentally and analytically obtained, the corresponding buckling mode was calculated. It is a rectangular pattern with non-constant axial wave length along the cylinder axis. The present calculation clarifies the mode changes in the entire region of the buckling and postbuckling processes. The postbuckling modes obtained by Yamaki et al. 4, 5) are shown to be deployable on flat surfaces due to the developability of cylindrical shells. 
